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w]v lÇNw]v*t*z|xk«§Pw]v*§¿ zj~§|la


∂g11
∂Iix
= 2Iix
∂g11
∂Iiy
= 0
and


∂g12
∂Iix
= Iiy
∂g12
∂Iiy
= Iix
and


∂g22
∂Iix
= 0
∂g22
∂Iiy
= 2Iiy
z4³²l WX­ Åxw]rZ"l
®
v*zt*t lkrawy a


∂λ±
∂Iix
∂λ±
∂Iiy

 =


2
∂λ±
∂g11
∂λ±
∂g12
∂λ±
∂g12
2
∂λ±
∂g22

 ∇Ii WXP 
g%hÀ«{yrlÈ§Pwy*tÅ{y*twyxk§|lÇv lkjw]zrÅt {"lxkv {L l@Át*hNw]t
z|¯¼rzrmt*hl¨¸{yv*jw]§clU¶dv l@  z|{yr
{]¨ ∂λ±
∂gkl
³
lkj~zr·t*hNw]tt*hl
λ±
w]r
θ±
w]v lDt*hlDlkzlkrÀ©yw]§«l@mw]rlkzlkru©l@xkt {yv {]¨ﬃt*hlD t*v*«xkt*«v l
t lkr{yv
G
a
G = λ+ θ+θ
T
+ + λ− θ−θ
T
−
g%hl;lkv*z©yw]t*z|{yr}{]¨¦t*hz|Åt lkr {yv
®
zt*hZv l@*&l@xktÅt {m{yrlÇ{]¨¦zt 
x@{Àlxkz|lkrÀt
gkl
z| a
∂G
∂gkl
=
∂λ+
∂gkl
θ+θ
T
+ +
∂λ−
∂gkl
θ−θ
T
−
WXZ 
+ λ+
∂θ+
∂gkl
θT+ + λ−
∂θ−
∂gkl
θT−
+ λ+ θ+
∂θT+
∂gkl
+ λ− θ−
∂θT−
∂gkl
	a{yv l@{©lkv"wyÅt*hl
θ±
w]v lÇ«rztw]v*w]r}{yv*t*h{y{yrNw]§$lkzlkru©l@xkt {yv ­
®
lÇhNw@©la


θT+θ+ = θ
T
−θ− = 1
θT+θ− = θ
T
−θ+ = 0
and


∂θT+
∂gkl
θ+ = θ
T
+
∂θ+
∂gkl
= 0
∂θT−
∂gkl
θ− = θ
T
−
∂θ−
∂gkl
= 0
¸L 
v
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 µl¼v  tÈj;«§t*z§Ât*hlml@ÃÀ«Nw]t*z|{yr WXZ u
θT±
w]tÈt*hl§|lU¨¹tcÀ
θ±
w]tÈt*hlmv*zLhutct*hlkr·« l
t*hlv {y&lkv*t*z|l@ ¸L U³pst¯w]§§|{
®
%hzLh¾ zj~§z½¼Nxw]t*z|{yrw]r§|lwy¯t {;t*hl@ lﬃt
®
{v lk§Pw]t*z|{yr a
∂λ+
∂gkl
= θT+
∂G
∂gkl
θ+
w]r ∂λ−
∂gkl
= θT−
∂G
∂gkl
θ−
¸mX
°SÃu«Nw]t*z|{yr ¸mXÈ¨¹{yv*jw]§§et lk§§%«;h{
®
lkzlkru©Lw]§«l@~{]¨w}z½Æ&«*z|{yr»t lkr {yv
G
©yw]v*
®
zt*h
v l@ "l@xktEt {wÈNw]v*t*z|xk«§Pw]v%x@{Àlxkz|lkrÀt
gkl
{]¨
G
³ 	Åxkt*«Nw]§§dt*hz|SzrÀt lkv l@*t*zrv {y"lkv*tsmxw]r&l
v {­©l@Â¨¸{yv;w]ruË*dj~jmlkt*v*z|x~jw]t*v*z½¶&³~´N{yvÇzr*tw]rx@lL$w]«t*h{yv {]¨qV!X8[Ev {y&{L l@·w¿ zj~z§Pw]v
lkjm{yr t*vw]t*z|{yrÊzrÊwm«v lk§¿jw]t*v*z½¶¨¹{yv*jZN§|lwyzrt {mt*hl;w]jmlÇv l@*«§t³¯g%hlk« l@ztt {
lw]§
®
zt*hZlkrlkvw]§x@{©Lw]v*zPw]rx@lÇjw]t*v*z|x@l@­³
	a{yv l@{©lkvﬃzr}{y«vﬃxwy lLt*hlÈjw]t*v*z|x@l@ ∂G
∂gkl
w]v l©lkv**zj~§|l.a
∂G
∂g11
=
(
1 0
0 0
)
,
∂G
∂g12
=
(
0 1
1 0
)
and
∂G
∂g22
=
(
0 0
0 1
)
  zt*h}w]§§ct*hl@ lÈlk§|lkjmlkrÀt 
®
lÇxw]r}lU¶v l@  WXP Åwyha


∂λ+
∂Iix
∂λ+
∂Iiy

 = 2 θ+θT+∇Ii and


∂λ−
∂Iix
∂λ−
∂Iiy

 = 2 θ−θT−∇Ii
¸L 
´<zrNw]§§v lk§Pwyxkzr ¸L ¾zr t*hlµ°«§|lkvªD{w]Lvw]rll@ÃÀ«Nw]t*z|{yr WX w]r WX ULz©l@Zt*hl
©l@xkt {yvª4©Lw]§«l@ZLvwyz|lkrÀtl@ x@lkrÀtﬃ{]¨¦t*hl¨ «rxkt*z|{yrNw]§ ¸ qa
min
I:Ω→ z n
∫
Ω
ψ(λ+, λ−) dΩ =⇒ ∂Ii
∂t
= 2 div
([
∂ψ
∂λ+
θ+θ
T
+ +
∂ψ
∂λ−
θ−θ
T
−
]
∇Ii
)
¸Ln 
f¨¸{yv
i = 1..n


{yt lt*hNw]t ¸Ln ¯z|wz©lkv*lkrx@lU4Nwy l@Êl@ÃÀ«Nw]t*z|{yr}*«xhZt*hNw]tha
∂Ii
∂t
= div (D∇Ii) where D = 2 ∂ψ
∂λ+
θ+θ
T
+ + 2
∂ψ
∂λ−
θ−θ
T
−
D ∈ P(2) z|Åt*hlkrÊw 2× 2 z½Æ&«*z|{yrt lkr {yv ® h{LlÇlkzlkru©Lw]§«l@w]v la
λ1 = 2
∂ψ
∂λ+
and λ2 = 2
∂ψ
∂λ−
:<mT
XP  E4T+ee2d	 /Q	"+m
wy {ÀxkzPw]t l@¿t {mt*hl@ lÈx@{yv*v l@*&{yrzrD{yv*t*h{yr{yv*jw]§$lkzlkrÀ©l@xkt {yv ra
u1 = θ+ and u2 = θ−
pst~z|Dw]§|{
®
{yv*t*h2t {Ëjmlkrut*z|{yr t*hNw]tx@{yj~«t*zrt*hz|mLvwyz|lkrut¾l@ x@lkrut¾z|m{yrlÊlU¶wyxkt*§
zrt*hlw]jml
®
w@
®
hlkrZlw]§zr
®
zt*hZzjw]lÈ{yjw]zr
Ω
lU¼rl@zrhzLhlkv
zjmlkr*z|{yrNw]§
 Nwyx@l@ 
Ω ⊂ Rp ® hlkv l p > 2 	Ê{yv l%Nw]v*t*z|xk«§Pw]v*§Àt*hl
xwy lÅ{]¨cny ©{y§«jmlÅv lkL«§Pw]v*z¬­w]t*z|{yr

p = 3
Åxw]r"l
®
v*zt*t lkrÂwy a
min
I:Ω→ z n
∫
Ω
ψ(λ1, λ2, λ3) dΩ =⇒ ∂Ii
∂t
= 2 div
([
∂ψ
∂λ1
θ1θ
T
1 +
∂ψ
∂λ2
θ2θ
T
2 +
∂ψ
∂λ3
θ3θ
T
3
]
∇Ii
)
psr¾t*hz|Åxwy lLt*hl
λ1,2,3
w]v lt*hlt*hv l@lÈlkzlkru©Lw]§«l@
{]¨$t*hl
3× 3 *t*v*«xkt*«v lt lkr {yv G w]r
θ1,2,3
w]v lt*hlÇx@{yv*v l@*&{yrzrD{yv*t*h{yr{yv*jw]§<lkzlkru©l@xkt {yv ³
 
6GFF
E';!
	a{L*tﬃz©lkv*lkrx@lU4Nwyl@}v lkL«§Pw]v*z¬­w]t*z|{yrËE°
±²wyxkt*zrD{yrÊj;«§t*z©Lw]§«l@}zjw]l@hNw@©l;t*hl
¨¸{y§§|{
®
zrm¨¹{yv*j a
∂Ii
∂t
= div (D∇Ii) (i = 1..n) ¸] 
®
hlkv l
D
z|%wÇz½Æ&«*z|{yr¾t lkr {yv¯Nwy l@n<' k 
' @	U4T <	WﬀT	;{y"lkvw]t {yv ­³g%hl
¨4wyxkt z| t*hNw]t
D
z|{]¨¹t lkrx@{yj~«t l@¨¹v {yj t*hl
*t*v*«xkt*«v l
t lkr {yv
G =
∑n
j=1∇Ij∇ITj
w]rmlk&lkrjw]zr§
{yrt*hlﬃ*Nw]t*zPw]§Nlkv*z©Lw]t*z©l@
Iix
w]r
Iiy
³<psrut*«zt*z©lk§wySt*hl
z©lkv*lkrx@l
div () = ∂∂x +
∂
∂y
z|zt  lk§½¨w%¼v  t${yv lkv¦lkv*z©yw]t*z©l¯{y"lkvw]t {yv
®
l  h{y«§|Ç&l w]§|lEt {
®
v*zt l ¸] {yr§
®
zt*h¼v *t
w]r l@x@{yrm*Nw]t*zPw]§"lkv*z©yw]t*z©l@
Iix

Iiy

Iixx

Iixy
w]r
Iiyy
³$g%hÀ«ÀztSx@{y«§|~&l
lU¶dv l@ l@
®
zt*h¿{yv*z|lkrut l@ {w]§PwyxkzPw]r¯zr¿lwyx h¾zjw]lxhNw]rrlk§
Ii
wy
®
lk§§4Àz4³²lw]rDlU¶v l@ *z|{yr¾Nwy l@D{yr
t*hlt*vwyx@l;{y"lkvw]t {yv ∂Ii
∂t = trace (DHi)
³
 µl
®
w]rutt {jw]ºlmt*hlm§zrºa&lkt
®
l@lkr·t*hl~t
®
{Êz½Æ&lkv lkrÀtz½Æ&«*z|{yrµt lkr {yv 
D
w]r
T
zr
t*hlz©lkv*lkrx@lU4Nwy l@w]r·t*vwyx@lU4Nwy l@µv lkL«§Pw]v*z¬­w]t*z|{yr.E°
±²­zrµt*hlxwy l
®
hlkr
D
z|
' <B<'4
'Oﬂa
∂Ii
∂t
= div (D∇Ii) w]r ∂Ii
∂t
= trace (THi)
	
®
lr{yt*z|x@l@¿zr¿t*hlv lk©Àz|{y«ﬃ l@xkt*z|{yrct*hl@ lt
®
{¨¹{yv*j«§Pw]t*z|{yrw]v lÈw]§jm{L*tÅl@Ãu«z©Lw]§|lkrut
«t {Dw]r}wyzt*z|{yrNw]§t lkv*j lk&lkrzrD{yrt*hl \
	"<&"
')
p
,+mrD'4
	  !
D
a
div (D∇Ii) = trace (DHIi) +∇ITi ~div (D)
¸L 
v
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®
hlkv l ~div ()
z|Åt*hl <&	"  
",\	ﬀ' Uk³
	ArNw]t*«vw]§z|lwz|Åt*hlkr}t {~l@x@{yj~"{L lÇt*hlÇwyzt*z|{yrNw]§t lkv*j ∇ITi ~div (D)
zrÀt { 
	"'OD^
EdO!%T"
'4klU¶dv l@ l@
®
zt*hÊwyzt*z|{yrNw]§$z½Æ&«*z|{yrZt lkr {yv 
Q
zrt*hlÈt*vwyx@l;{y"lkvw]t {yv³
´N{yv;t*hz|Ç«v*&{L lL
®
l
®
z§§Sx@{yr*z|lkvt*hNw]t;t*hlmz©lkv*lkrx@lDt lkr {yv
D
z|;lU¼rl@w]tlwyx h
&{yzrut
x ∈ Ω u
D = f1(λ+, λ−) θ+θ
T
+ + f2(λ+, λ−) θ−θ
T
− with f1/2 : R
2 → R ¸L 
pst
jmlw]rﬃt*hNw]t
D
z|{yr§¿lU¶v l@  l@¨ v {yj t*hl;lkzlkru©Lw]§«l@
λ±
w]r}t*hl;lkzlkrÀ©l@xkt {yv 
θ±
{]¨¦t*hlÈ*t*v*«xkt*«v l;t lkr {yv
G
a
G = λ+ θ+θ
T
+ + λ− θ−θ
T
−
g%hz|z|
zrl@l@Âw~©lkv*lkrlkv*z|xhud&{yt*hl@*z|t*hNw]tﬃz|©lkv*z½¼Nl@}Àt*hlÇjw£*{yv*zt }{]¨Et*hl;v {]
&{L l@e©l@xkt {yvª4©yw]§«l@Äv lkL«§Pw]v*z¬­w]t*z|{yrÄjmlkt*h{À­¦¨¹{yvzr*tw]rx@l¿t*hl¿{yrl¾v {y"{Ll@ezr 	
&lkrz½¶ 	 a
∂Ii
∂t
= div (D∇Ii) ® zt*h (26) w]r


f1(λ+, λ−) = 2
∂ψ
∂λ+
f2(λ+, λ−) = 2
∂ψ
∂λ−
psrÊ{yv lkvt {lk©lk§|{yÂt*hlwyzt*z|{yrNw]§¦z½Æ&«*z|{yrat lkv*j ∇ITi ~div (D)
zr}t*hll@Ãu«Nw]t*z|{yr ¸L U
®
lÈv {y&{L lt {
®
v*zt l
D
wyﬃw§zrlw]vx@{yj;zrNw]t*z|{yrÊ{]¨
G
w]r
Id
a
D = α(λ+, λ−)G + β(λ+, λ−)Id
¸ 
z4³²l
®
lÇ lkNw]vw]t l;t*hl " 4<&	WdO"&w]rx
'"`4T%&	Wd "&Nw]v*t {]¨
D

®
zt*h
α =
f1(λ+, λ−)− f2(λ+, λ−)
λ+ − λ− and β =
λ+f2(λ+, λ−)− λ−f1(λ+, λ−)
λ+ − λ−
¸<P 
psrl@l@Á
®
lÈhNw@©l
αG + βId =
f1 − f2
λ+ − λ− (λ+ θ+θ
T
+ + λ− θ−θ
T
−) +
λ+f2 − λ−f1
λ+ − λ− (θ+θ
T
+ + θ−θ
T
−)
=
1
λ+ − λ−
[
θ+θ
T
+ (λ+f1 − λ−f1) + θ−θT− (λ+f2 − λ−f2)
]
= f1 θ+θ
T
+ + f2 θ−θ
T
−
= D 
:<mT
L  E4T+ee2d	 /Q	"+m

lkv l
®
lÇwy  «jml@Dt*hNw]t
λ+ 6= λ−  z4³²lt*hl*t*v*«xkt*«v lt lkr {yv G z|Åw]rz| {yt*v {yz|xU³ 	ﬃrÀ ® w@
z½¨
G
z|Çz|{yt*v {yz|xL{yrllkrlkvw]§§·xh{À{Ll@w]r_" 4<&	WdO"&¾z½Æ&«*z|{yr·t lkr{yv
D
t {À{<zr·t*hl
z©lkv*lkrx@l}{y"lkvw]t {yvm{]¨ ¸L UEz4³²l
f1(λ+, λ−) = f2(λ+, λ−)
³psret*hz|mxwylL
®
lxh{À{L l
α = 0
w]r
β = f1(λ+, λ−)
³
g%hz|ﬃl@x@{yj~"{L*zt*z|{yrÊz|Å« lU¨¹«§Át {v l
®
v*zt lÇt*hljw]t*v*z½¶Zz©lkv*lkrx@l ~div (D)
zrut { a
~div (D) = α ~div (G) + G∇α+∇β ¸<Z 
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